Moments of unconditional logarithmically 
concave vectors * 

Rafal Latala > 

Abstract 

We derive two-sided bounds for moments of linear combinations of 
coordinates od unconditional log-concave vectors. We also investigate how 
well moments of such combinations may be approximated by moments of 
Gaussian random variables. 

1 Introduction 

The aim of this paper is to study moments of linear combinations of coordinates 
of unconditional, log-concave vectors X = (Xi, . . . , X n ). A nondegerate random 
vector X is log-concave if it has a density of the form g = e~ h , where h: K — > 
(—00, 00] is a convex function. We say that a random vector X is unconditional 
if the distribution of (771X1, . . . , rj n X n ) is the same as X for any choice of signs 
Vl, ■ ■ -,Vn- 

Typical example of uncoditional log-concave vector is a vector distributed 
uniformly in an unconditional convex body K, i.e. such convex body that 
(±xi, . . . , ±i„) £ K whenever [x\, . . . ,x n ) € K. 

A random vector X is called isotropic if it has identity covariance matrix, 
i.e. Cov(Xi, Xj) — Sij. Notice that uncoditional vector X is isotropic if and 
only if its coordinates have variance one, in particular if X is unconditional with 
nondenerate coordinates then the vector (Ai/Var 1 / 2 (Ai), . . . , X n /Va,r 1 ^ 2 (X n )) 
is isotropic and unconditional. 

In [3] Gluskin and Kwapieh derived two-sided estimates for moments of 
Xa=i a iXi if Xi are independent, symmetric random variables with log-concave 
tails (coordinates of log-concave vector have log-concave tails). In Section 2 we 
derive similar result for arbitrary unconditional log-concave vectors X . 

In [6] Klartag obtained powerful Berry-Essen type estimates for isotropic, 
unconditional, log-concave vectors X, showing in particular that if af = 1 
and all a^s are small then the distribution of S — 53i=i a iXi is close to the 



•Research partially supported by MNiSW Grant no. N N201 397437 and the Foundation 
for Polish Science. 

^Institute of Mathematics, University of Warsaw, Banacha 2, 02-097 Warszawa, Poland and 
Institute of Mathematics, Polish Academy of Sciences, ul. Sniadeckich 8, 00-956 Warszawa, 
Poland, e-mail: rlatala@mimuw.edu.pl. 



1 



standard Gaussian distribution Af(0, 1). In Section 3 we investigate how well 
moments of 5* may be approximated by moments of A/"(0, 1). 

Notation. By E\,£2,... we denote a Bernoulli sequence, i.e. a sequence 
of independent symmetric variables taking values ±1. We assume that the 
sequence (e,) is independent of other random variables. 

For a random variable Y and p > we write \\Y\\ p = (E\Y\ p ) 1 / p . For a 
sequence (a^) and 1 < q < oo, ||a|| q = ( J ^2 i \ai\ q ) 1 ^ p and ||o||oo — niaxj |aj|. 
We set B™ = {a G R n : \\a\\ q < 1}, 1 < q < oo. By (a|)i<i<„ we denote the 
nonincreasing rearrangement of (|dj|)i<j<n' 

We use letter C (resp. C(a)) for universal constants (resp. constants depend- 
ing only on parameter a). Value of a constant C may differ at each occurence. 
Whenever we want to fix the value of an absolute constant we will use let- 
ters C\,C2, ■ ■ ■■ For two functions / and g we write / ~ g to signify that 
hf<9<Cf. 



2 Estimation of moments 

It is well known and easy to show that if X has a uniform distribution over a 
symmetric convex body K in W 1 then for any p > n, \\ J2i< n a i^i\\p ~ ll a ll^° = 
su p{| 12i< n a i x i\ '■ x G K}- O ur nrs t proposition generalizes this statement to 
arbitrary log-concave symmetric distributions. 



Proposition 1. Suppose that X has a symmetric n- dimensional log-concave 
distribution with the density g. Then for any p > n we have 



^ aiXi 



where 



n 

K p := {x: g(x) > e _p <7(0)} and \\a\\ k° = sup | ajXj : x € 



Proof. First notice that there exists an absolute constant C\ such that 

P(X e CiKp) > i- e - p > i 

For n < p < 2n this follows by Corollary 2.4 and Lemma 2.2 in [7]. For p > 2n 
we may either adjust arguments from [7] or take any log-concave symmetric m = 
|jjJ — n dimensional vector Y independent of X with density g' and consider the 
set K' = {(x, y) € R" x R m : g(x)g'{y) > e' p g(0)g'{0)}. Then K p is a central n- 
dimensional section of K', hence P(X G CiK p ) > P((X, Y) G C t K') > 1 - e~ p . 
Observe that for any z G K p , 

n 1 71 

[xeK p : ^a^l >-^«^}| >2- n \K p \>(2C 1 )- n P(XeC 1 K p )/g(0), 
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therefore choosing z such that ^™ =1 a « z « = ll a ll#° we 

n n 1 71 

||$>* X *|| >2- 1 /f||a|| K oe- 1 5 (0) 1 / p |{ 2 :G/^: |^a^ 4 | > -^>^} 

i— 1 ^ i—1 i—1 

> 2-^\\a\\ K? e- 1 (2C 1 )- n ^F(X E C x K v f^ > -^Hk-. 
To get the upper estimate notice that 

n 

P(|5^o<Jfi| > C7i||o||a-.) < F(X i C X K V ) < e~* . 
Together with the symmetry and log-concavity of Xa=i a i-^i this gives 



1 1 

'(IE' 



> Cit||a|ko) < e~* p for i > 1. 



<C\\a\\ K o 

v 



Integration by parts yields 

Remark. The same argument as above shows that if a > e then 



□ 
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||E a ^ > j-^- sup | ^ : g(x) > 

i—l ^ ^ i=l 

From now on till the end of this section we assume that vector X is uncon- 
ditional, log-concave and isotropic. Jensen's inequality and Hitczenko estimates 
for moments of Rademacher sums [5] (see also [12]) imply that for p > 2, 



>^(E< + v^(Ei<i 2 



1/2 



i<p i>p 

The result of Bobkov and Nazarov [2] yields for p > 2, 

y^a^z < C y^enEi < C[p max |ai| + ^/pf y^a; 
II — « II — p v 2 v — 



1/2 



(1) 



(2) 



where is a sequence of independent symmetric exponential random variables 
with variance 1 and to get the second inequality we used the result of Gluskin 
and Kwapieh [3]. 

Estimates (H} and © together with Proposition [1] give 

^(VpB? nB^)c{x: g(x) > e"^(0)} C C(,/pB$+pB?) for p > n. (3) 
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Corollary 2. Let X = {X\, . . . ,X n ) be an unconditional log-concave isotropic 
vector with the density g. Then for any p > n we have 

n n 

II ^ a i X i ~ SU P { a%X% '■ g ( X ^ ~ e ^(0)} 
1=1 P i=l 

n 

~ sup | a * x * : 9( x ) > e~ 5p/2 j 

i=l 
n 

~ sup { \ai\U ■ n\Xi\ >*!,..., |X„| > i„) > e"f }. 
1=1 

Proof. We have g(0) = L^-, where Lx is the isotropic constant of vector X. 
Unconditionality of X implies boundedness of Lx, thus 

e ~3n/2 < ( 27re )-»/2 < 5 (Q) < CJ, 

where C2 is an absolute constant (see for example [!)). Hence 

{x: g(x) > e-?g(0)} C {x: g(x) > e^ 2 } C g{x) > (e 5 / 2 C 2 )^ 5 (0)} (4) 

and first two estimates on moments follows by Proposition [1] (see also remark 
after it). 

For any h, . . . ,t n > 0, 



E 



n n 

X>i*i| > 2-^(1^1 ><i,..., >t n ), 



therefore 



||X! a ^|| ^ 2e SU p{S°* t < : P d X il ^ h,...,\X n \ >t n ) >e~ p }. 

z=l ^ i=l 

To prove the opposite estimate we use already proven bound and take x such 
that g(x) > e~ 5p / 2 and Yl7=i aiXi — S^ll S"=i a i-^Q||p- By the unconditionality 
without loss of generality we may assume that all a^s and a;,'s are nonnegative. 
Notice that by © and © we have g(l/C 3 , . . . , 1/C 3 ) > e" 5 ^ 2 . Hence by log- 
concavity of g we also have g(y) > e _5p / 2 for yt = (xi + l/Cs)/2. Notice that g 
is coordinate increasing on K™, therefore 



(*x > f , . . . ,X„ > ^) > ff (y) JT I > e - 5 P/2 (4C3) -« > (4e s/2 C3) -P. 

i=l 

— lnP(Xi > s\,...,X n > s n ) is convex on R", 
(|Xx| > g-, . . . , |X„| > = 2»p(Xx > . . . ,X„ > > e-f 



Function F(s\, . . . , s„) 
F(0) = nln2, therefore 
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for suffiently large C4. To conclude it is enough to notice that 



n 1 n 1 n 

E f > w E «** > ^cj E 

z— 1 i=l 2—1 



□ 



Theorem 3. Suppose that X is an unconditional log-concave isotropic random 
vector in MP. Then for any p > 2, 



1/2 



1/2 



^djX; ~ sup { ^ d;^ : g Ip (x) > e p g Ip (0)| + y/p( 

i=l ' iS/p i^/p 

~ sup {^aiX i: 5/ P W > e" 5p/2 } + Vp(E°0 
~sup{5^|oi|ti: P(v ie/p \Xi\>ti) >e- p } + Vp(E a ' 



ie/p 



1/2 



i4I rj 



where gi p is the density of (Xi)i e j p and / p is the set of indices of min{ [p] , n} 
largest values of |a,-| 's. 



Proof. By Corollary [2] it is enough to show that 

ieii 



^(||E a ^|| +^(E a «) 1 2 ) - |E a ^| 

P i^/p »=1 P 

<c(||l>Xi|| +v^(E 



1/2 



(5) 



Observe also that a l — J2i 

Unconditionality of Xi implies that || Ym=i a iXi\\ P > || Y^iei a iXi\\ p - Hence 
the lower estimate in ([5]) follows by ([I]). 
Obviously we have 



y] a i x l < y" aiXi + y~] °-i x 
M — p ii — p ii — 

i=l ielp ifilp 

Estimate (fTJ) and ([2]) imply 

ajXi < C[ p max + a; 



1/2 



i<tlv 



<c(|^a^| +Vp(E°0 



1/2 



i0 p 



and upper bound in ([5]) follows. 



□ 
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Example 1. Let Xi be independent symmetric log-concave r.v's. Define 
Ni(t) := -P(|Xi| > t), then ¥(X t > f, for i € I p ) = exp(-J2 ie i p N i(ti)) and 
Theorem |3] yields the Gluskin-Kwapieh estimate 



n 

atXi ~ sup { i°<i** : ^co ^} + vp(E a 
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Example 2. Let X be uniformly distriputed on r n q B^ with 1 < q < oo, 
where r„ i9 is chosen in such a way that X is isotropic. Then it is easy to 
check that r n a ~ n 1 /?. Since all /c-dimensional sections of £?" are homogenous 
we immediately obtain that for / C {1, ...,n} and a; € K 7 , gi(x)/ gi(0) = 
(1 - (IMIqAn,,) 9 )™" 171 . Hence for 1 < p < n/2 we get that 



sup | Y aiXl '- 9i P ( x ) > e P 5/ P (0)} ~ sup | Y a i x i'- \\ X \U ^ p]- 



ie/p 



Since for p > n/2, || X)i=i 
[T] and show that for p > 2, 



»/2 



we recover the result from 



l/q' 

^a^| -min^n} 1 ^^^') 9 +^(^|a, 



i=i 



1/2 



i<p 



where 1/q' + l/q=l. 



Remark. In the case of vector coefficients the following conjecture seems 
reasonable. There exists a universal constant C such that for any isotropic 
unconditional log-concave vector X — (X±, . . . , X n ) any vectors v\, . . . , v n in a 
normed space (F, || • ||) and p>l, 



n 

(e||£«< 



p\ i/p 



n n 

(eII^^JQ + sup (e\Y,<p(v- 

" i_1 ||^|L<1 V 1 



The nontrivial part is the upper bound for (E|| Yl7=i v iXi\\ p ) 1 ^ p ■ It is known 
that the above conjecture holds if the space (F, || • ||) has nontrivial cotype - see 
[H] for this and some related results. 

Remark. Let S = J27=i a iXi, where X is as in Theorem^ Then Pd^j > 
e||51| P ) < e~ p by the Chebyshev's inequality. Moreover ||5||2 P < C||<S1|p for p > 
2, hence Paley-Zygmund inequality yields P(|5| > \\S\\ P /C) > min{l/C,e-P}. 
This way Theorem [3] may be also used to get two-sided estimates for tails of 5. 



3 Gaussian approximation of moments 

Let 7 P = \\Af(0, l)\\ p = 2 p / 2 r(2±l)/ N /7r. In 8, it was shown that for independent 
symmetric random variables X\ , . . . , X n with log-concave tails (notice that log- 
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concave symmetric random variables have log-concave tails) and variance 1, 

n 

|||Va 4 X 4 -7 P ||o|| 2 <p||o||oo fora€K",p>3 (6) 

(see also [TT] for p G [2,3)). The purpose of this section is to discuss similar 
statements for general log-concave isotropic vectors X. 

The lower estimate of moments is easy. In fact it holds for more general 
class of unconditional vectors with bounded fourth moment. 

Proposition 4. Suppose that X is an isotropic unconditional n- dimensional 
vector with finite fourth moment. Then for any nonzero a G W 1 and p>2, 



n n 

y^atXi > 7 P ||a|| 2 - -=- ( VVEX; 
i=i p V2||a|| 2 V 4=1 



1/2 



> 7p ||a|| 2 -^max(EX 4 4 ) 1 /2|| a || oo . 
Proof. Let us fix p > 2. By the homogenity we may and will assume that 

N| 2 = i. 

Corollary 1 in 8 gives 



> 



Tp 



1/2 



for b G 



i>\p/2\ 

where (6*) denotes the nonicreasing rearrangement of (|&i|)i< n . Therefore 

,P/2 



max > a^X- 

#/<p/2^ 



p/2 

>7^fEfy a 2 X 2_ max y^ a 2 X 2A\ p =7 jC 1 _ e max y-aixt 



p/2 



We have 



1/2 

E max Va?X?<E max J#l( V afl, 4 ) < J^EfVafx; 
#/<p/2 Z -T ~ #/<p/2 V " V 2 2 

; n 



1/2 



1/2 



Since — x > 1 — x for a; > and j p < Jp the assertion easily follows. □ 

Since EY" 4 < 6 for symmetric log-concave random variables Y we immedi- 
ately get the following. 
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Corollary 5. Let X be an isotropic unconditional n- dimensional log-concave 
vector. Then for any a £ K™ \ {0} and p > 2, 

n n jy 2 



i=l 



a 2 



i=l 



Now we turn our attention to the upper bound. Notice that for unconditional 
vectors X and p > 2, 



n it fi 

S^aiXi =\\ y s2 i a i £ i Xi < 7p|[( y^g 

Z=l 4=1 2=1 



! 2 IT 2 



1/2 



(7) 



where the last inequality follows by the Khintchine inequality with optimal 
constant [3]. First we will bound moments of (X)"=i a \^QY^ 2 using the result 
of Klartag [5J . 

Proposition 6. For any isotropic unconditional n- dimensional log-concave vec- 
tor X , p > 2 and nonzero a £ R™ we have 

n 1 ™ 1/2 

\\J2<*i x i ~i P hh<Cp 5 / 2 -—(J2\^\ A ) < Cp^MU 

Proof. By homogenity we may assume that ||a||2 — 1- We have 



Tl 

i=l 



, 2 Y 2 



1/2 



< 1 



1/2 



1 



Notice that 



1/2 1/2 

]>>^-i) = ((]r fl ^ 2 ) -i)((E«^ 2 ) +1 

i—1 i—1 i—1 



thus 



1/2 



5> a x?) -i) n P <|5: a 2 (^-i) 

' i=l + i=l 

Lemma 4 in [B] gives 

I £ a 2 (X 2 - 1)|| = Var(]T a 2 X 2 ) < | £ afEXf < 16 ]T 



Comparison of moments of polynomials with respect to log-concave distributions 
[13] implies 



£a 2 (X 2 - 1)|| < (Cp) 2 || ]Ta 2 (X 2 - 1)|| < C P 2 (^af) 



1/2 



□ 
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We may improve p 5 / 2 term if we assume some concentration properties of 
vector X. We say that vector X satisfies exponential concentration with con- 
stant k if 

P{X e A) > - => F(X £ A + tB%) > 1 - e~ t/K . 

Proposition 7. Let X be an isotropic unconditional vector that satisfies expo- 
nential concentration with constant k. Then for any p > 2 and a £ M. n , 



J^diXi <7 P l|a||2 + C K p 3 / 2 ||a|| 



Proof. Notice that 



sup 



n 

{(X 



2 2 

°>i Vi 



1/2 



y £ i£? 2 ™} = t\\a\\ 



Using standard arguments we may therefore show that exponential concentra- 
tion implies for p > 2, 



(E-W) '\<-\\& 

i=l F i=l 



1/2 



CKpljajloo = ||a|| 2 + CKp||a|| 



We conclude using ([7]). 



□ 



Since by the result of Klartag [SJ unconditional log-concave vectors satisfy 
exponential concentration with constant C log n we get 

Corollary 8. Let X be isotropic unconditional logconcave vector. Then for any 
p>2 anda£ R™, 



^aiXi <7 P ||a|| 2 + Cp 3/2 logn||a|| 



To get the factor p instead of p 3 ^ 2 we need a stronger notion than exponential 
concentration. We say that a random vector X satisfies two level concentration 
with constant k if 



»(l6l)> - P{X £ A + VtB% + tB[ l ) > 1 



-t/K 



Since it is enough to consider t > 1 two level concentration is indeed stronger 
than exponential concentration. 

Proposition 9. Suppose that X is an isotropic unconditional vector that sat- 
isfies two level concentration with constant n. Then for any p > 2 and a £ R™, 



22 a i x i < 7 P ||a|| 2 + C/ip||a|| c 
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Proof. For p > 2 define a norm ||| • || p on R™ by |||x|||j, — \\ Y17=i x i £ i\\p- Notice 
that I x Hp < 7 P ||x||2, hence 

E|||(a i X,)g< 7p 2 ||a|||. 

Observe also that 

sup{|(o i a: i )| p :a;e VtB% + tB?} 

< \Ziswp{l(aiXi)\l P : x € B%} + isup 1(^(5^)1^ 

j<7l 

< \/i7 P sup{||(a i x i )||2 : x € BJ} + tHaHoo = (ViTp + *)ll a lloo- 

Let M p = Med(|||(aiXi)|||p), two level concentration (applied twice to sets 
A = {l(aiXi)l\ p < M p } and A = {U<H^i)ip > m p)) implies that 

lP(|ffl(ai^)llp-A*p| > (V*7p + *)l|o||oo) <2exp(-i//s). 
Integrating by parts this gives for p > q > 2, 

|| I (a;^) Hp - M p \\ < Cn(y/qyp + <7)ll a lloo < CnpWaW^. 

Hence 

n 

\\J2aiXi = |||(oiX0M P < |||(a i ^|| p || 3 + C/sp||a|| 00 <7plH|2 + C'/sp||o|| 00 . 

□ 

Unfortunately we do not know many examples of random vectors satisfying 
two level concentration with a good constant. Using estimate © it is not 
hard to see that infimum convolution inequality investigated in 10 implies two 
level concentration. In particular isotropic log-concave unconditional vectors 
with independent coordinates and isotropic vectors uniformly distributed on 
the (suitably rescaled) B™ balls satisfy two level concentration with an absolute 
constant. 

The last approach to the problem of Gaussian approximation of moments we 
will discuss is based on the notion of negative association. We say that random 
variables (Yi, . . . ,Y n ) are negatively associated if for any disjoint sets Jj., Ja in 
{1, . . . , n} and any bounded functions fi : R 7i — > R, i = 1, 2 that are coordinate 
nondecreasing we have 

Cov(/i((*0ie/i),/2((Xi)i 6 j 3 )) <0. 

Our next result is an unconditional version of Theorem 1 in [16] . 

Theorem 10. Suppose that X = (Xi, . . . ,X n ) is an unconditional random 
vector with finite second moment and random variables (\Xi\)f =1 are negatively 
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associated. Let X^ , . . . , X* be independent random variables such that X* has 
the same distribution as Xi. Then for any nonnegative function f on K such 
that f" is convex and any 01, . . . , a n we have 

n n 

EffeoiXi) <E/ (8) 

i=l i=l 

In particular 

n n 

El ^aiXi 9 < El ^a € X* P forp>3. 

i=l i=l 

Proof. Since random variables |a,X,-| are also negatively associated, it is enough 
to consider the case when a, = 1 for all i. We may also assume that variables 
X* are independent of X. Assume first that random variables Xj, are bounded. 

Let Y — (Yi, . . . ,Y n ) be independent copy of X and 2 < k < n. To shorten 
the notation put for 1 < I < n, Si = X)'=i £ il^l an d &l = X^i^l^l (recall 
that £i denotes a Bernoulli sequence independent of other variables). 

We have 

f(S k ) + f(S k ) - /(S fc _ x +e k \Y k \) - fiSk-x + e k \X k \) 
r\X k \ 

= / e k {f'(S k ^+e k t)~ f'(S k ^+e k t))dt 

J\n\ 

e k (f'(S k -i + e k t) - f'(S k -i + e k t))(I {lXkl > t} - I { \ Y „\>t})dt. (9) 
Define for t > 0, g t (x) = Ee k f(x + e k t) = (f'(x + t) - f(x - t))/2 and 

ft— 1 fe-1 

/i t (ki|, ■ ■ ■ , \x k -x\) = E s e k f'^^2si\xi\ + e k tj = Eg^^s^x^. 

i=l i=l 

Taking the expectation in and using the unconditionally we get 

k fe-i 

2(Ef(j2*i) -E/(53^<+- x '*)) 

i=l i=l 

/OO 
e*(/'(5 fc _i +e fc t) - /'(5 fc _i +e fc t))(l{|x fc |>t} -I { |yi|>t})<tt 
-OO 

= f E[(/i t (|X x |, . . . , |X fc |) - /itdnl, . . . , |n|)) (I { |x„|> t} - I{|r„|>t})]* 

•/ — OO 

Cov(/i t (|^i|,...,|X fc _i|),I { |x fe |> t })dt. 
Convexity of /" implies that the function g t is convex on K, therefore the 

1C 

get 



function h t is coordinate increasing on 1 . So by the negative association we 

fe-i 

El ' * ' 



i=l 
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The same inequality holds if we change the function / into the function f(- + h) 
for any ligl. Therefore applying ([TO]) conditionally we get 



k n k—1 n 

E /(E X * + E *r)< E /(E x *+E x * 

i—l i—k+1 2=1 i—k 

and inequality (|SJ) easily follows in the bounded case. 

To settle the unbounded case first notice that random variables \Xi\ Am are 
bounded and negatively associated for any m > 0. Hence we know that 
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Am) <E/(^>|X; 



A m 



We have liminf^oo f{Y^=i £ i\ x i\ A m) > E/Q3" =i £i|^i|), so it is enough to 
show that , liminU^E/QX^lX*! Am) < E/(£f =1 e 4 |X*|). 

Let us define = /(a;) — ^/"(0)x 2 , function u" is convex and u"(0) = 0. 
Since E|JQ| 2 = E|X*| 2 < oo it is enough to show that for any m > 0, 



Em 
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»=i i=i 



Let for s e K, u s (i) := Eu(e lS + e 2 i), then = Eu"(s 1 s + e 2 t) > it"(E(e lS + 
£2*)) = and v' s (0) = 0, hence v s is nondecreasing on [0, oo). Thus for any 
x G R", 



'^E £i \ Xi \ ^ TO ) — ^£ M f E £ 



2 l^-Z 

1 = 1 



and (fTTj) immediately follows. □ 

Corollary 11. Suppose that X is an isotropic undonditional n-dimensional log- 
concave vector such that variables \Xi\ are negatively associated. Then for any 
Oi, . . . , a n and p > 3 7 

n 

-V3p||a||oo < y^ajXj -7pll a ll2 <p||a||oo- 

In particular the above inequality holds if X has a uniform distribution on a 
(suitably rescaled) Orlicz ball. 

Proof. First inequality follows by Corollary [51 second by Theorem HU1 and ©. 
The last part of the statement is a consequence of the result of Pilipczuk and 
Wojtaszczyk QT] (see also [15] for a simpler proof and a slightly more general 
class of unconditional log-concave measures with negatively associated absolute 
values of coordinates). □ 

Acknowledgements. Part of the work was done at the Newton institute 
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